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INTRODUCTION
The Italian puttable bonds (Certificati del Tesoro con Opzione -CTOs) issued on 1 December 1988 are fixed rate securities with a maturity of 8 years and an option allowing holders to obtain early redemption at the end of the fourth year.
After describing the features of CTOs in ( §2), we show that they can be considered either as 4-year bonds with a call option or as 8-year bonds with a put option ( § 3). This analytical framework is then used to derive some arbitrage constraints on the value of puttable bonds and to determine the optimal strategy for exercising the right to early redemption ( § 4).
The § 5 contains a short description of the single-factor formulation of the Cox, Ingersoll and Ross model. Developed in the context of general equilibrium, this model permits the valuation of any financial asset whose price depends exclusively on the current term structure of interest rates. After obtaining the maximum-likelihood estimates of the parameters, the Cox, Ingersoll and Ross model is used to determine the value of CTOs at issue (Section 6). Finally, Section 7 shows the results of simulations analyzing the effect on the value of CTOs of various specifications of the early redemption price, the date on which the early redemption option matures and the maturity and coupon rate of the bond.
THE FEATURES OF ITALIAN TREASURY OPTION CERTIFICATES -CTOS
The issue of the first CTOs was announced on 22 November 1988. The rate of interest was fixed at 10.25%, payable on a deferred basis by way of semi-annual coupons (1 June and 1 December) amounting to 5.125% (4.4845% net of the 12.5% withholding tax) and interest accruing as of 1 December 1988 . Redemption at maturity was fixed at face value (99.375% net of the withholding tax on the redemption premium). The holders of these certificates are entitled to have them redeemed early after 4 years, in the period from 1 to 10 December 1992, by sending a special application form to one of the branches of the Bank of Italy between 1 and 10 November 1992..
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The CTOs were sold using the uniform price auction method, whereby securities are allocated at the lowest of the prices offered by successful tenderers. The floor price (below which the Treasury does not accept offers) was fixed at 95 per 1 00 of nominal capital. The offers of the participants in the auction (the Bank of Italy, banks and their central institutes and authorized financial companies) had to reach the Bank of Italy by 12.30 on 29 November 1988.
The auction price of the option certificates was equal to the floor price (95). Only a part of the 1,500 billion lire of certificates was subscribed (444 billion lire by market operators and 150 billion by the Bank of Italy). Settlement was made on 1 December 1988 at the auction price (without payment of day-to-day interest).
TREASURY OPTION CERTIFICATES AS RETRACTABLE/EXTENDIBLE BONDS
Treasury option certificates allow their owners to take advantage of a fall in interest rates (since they are fixed rate securities) while protecting them from capital losses caused by a rise in interest rates (through the early redemption option). They are the first example in Italy of the retractable/extendible bonds common in the Canadian market and recently adopted in the Euromarket. In practice, CTOs can be considered indifferently as bonds with a maturity of 8 years plus a put option permitting them to be sold at the end of the fourth year, 2 at a striking price equal to the face value (retractable bonds), or as bonds with a maturity of 4 years plus a call option permitting the purchase at par of another 4-year bond (extendible bonds).
More generally, in the case of a retractable/extendible bond with an option having striking price K, maturity T and written on a bond maturing at time s, we have:
where T,s, Tn) : is the value at time t of a retractable/extendible bond with coupon rate Tn, and an option having striking price K, maturity T and written on a bond maturing at time s(s > T > t); B (t, s, Tn) is the value at time t of a straight bond with coupon rate Tn, maturity s and face value 1; c (t, K, T, s, Tn) : is the value at time t of a call option with striking price K maturity T, and written on a bond with coupon rate Tn and maturity s; p (t, K, T,s, Tn) : is the value at time t of a put option with striking price K maturity T, and written on a bond with coupon rate Tn and maturity s.
The equality between the last two members of (1) is due to the put-call parity for European bond options (i.e. for those exercisable only at maturity):
To demonstrate equation (2), consider the portfolio created by (1) buying a call option and selling a put option (both with striking price K maturity T) written on a bond with coupon rate Tn and maturity s, (2) selling a bond with maturity s and buying a bond with maturity T (both with coupon rate Tn), and (3) buying K -1 pure discount bonds pure discount bonds with maturity T. This portfolio produces a zero cash flow from t to T (since the interest receivable on the bond purchased is exactly equal to that payable on the bond sold) and has a final value of zero at time T (Table 1) . Accordingly, its current value has to be zero:
It can be seen from equation (2), that the greater B(t, s, Tn) is compared with B(t, T, Tn) + (K -1)B(t, T, 0), the less the call option is worth compared with the put option. In particular, the more sharply the yield curve rises, the less the call option is worth.
In addition, since the value of a call or put option is non-negative, equation (1) gives:
In the special case of options written on pure discount bonds, the put-call parity reduces to the following expression: 
The foregoing relationship implies that, in the absence of arbitrage opportunities, the price of a CTO, which is equivalent to a retractable/extendible bond with a striking price equal to the par value (K -1) must exceed both that of a 4-year security and that of an 8-year security.
The option granted to bondholders thus allows CTOs to be issued at a higher price (or at a lower coupon rate) than a straight fixed rate bond of the same maturity would require.
THE OPTIMAL EXERCISE STRATEGY
Equation (1) defines the optimal strategy for exercising the option of a retractable/extendible bond and gives the value of the security on the day the option is exercised (t = T):
Equation (4) implies that buyers of CTOs will opt for early redemption at the end of the fourth year if the current price of a 4-year security with a semi-annual coupon of 5.125% is less than par (i.e. if the market rate for the 4-year maturity is higher than 10.51%). At that date, if they are not redeemed, CTOs will have a price above par.
THE COX, INGERSOLL AND ROSS MODEL
An equilibrium model
In order to determine the value of a retractable/extendible bond, it is necessary to specify an equilibrium model of the bond market. The Cox, Ingersoll and Ross model gives the term structure of interest rates in conditions of general equilibrium and is an important reference point for modern financial theory. 4 In the singlefactor formulation of the model it is assumed that: 1) the instantaneous interest rate (r) is governed by a mean-reverting process described by the following stochastic differential equation:
where κ is the speed of adjustment of the interest rate r towards its long-term value l, µ, σ 2 r is the instantaneous variance of dr and dz is a standard Wiener process; 2) the expected instantaneous rate of return on bonds of all maturities is equal to the interest rate r plus a risk premium (Local Expectations Hypothesis):
where -λ is the market price of the risk and rBr/B is the elasticity of the bond price (B) with respect to r; 3) the usual perfect market assumptions apply.
With these hypotheses, it can be shown that if the value H = H(r, t, T) of a financial asset depends exclusively on the current term structure, it is given (in the interval between two successive coupons) by the following differential stochastic equation:
This equation can be solved once the appropriate boundary condition for H(r, T, T) has been imposed on the basis of the features of each individual financial asset.
The valuation of bonds
For the price P(r, t, s) = B(r, t, s, 0) of a pure discount bond with a residual life τ = s -t the solution of equation (7), subject to the following boundary condition:.
where ( ) ( )
and ( ) ( ) ( )
Equation (9) expresses the value of a pure discount bond with maturity τ in terms of the state variable r and of the three parameters φ 1 , φ 2 e φ 3 , where:
Equation (9) permits the whole term structure to be determined, since the interest rate at time t for maturity s, R(t, s) , is equal to:
When s→0 , we have R(t, 0)→r, while for s→∞:
With the discount factors P(r, t, s) known, the current value of any coupon bond with maturity s is expressed by:
where a i = a i (Tn) is the payment at time s i (t < s i ≤ s n = s).
The valuation of derivative securities
For a call option written on a pure discount bond, differential equation (7) has to be solved subject to the boundary condition:
Cox, Ingersoll and Ross closed-form solution to the above problem is: 
The value r * , defined by (26), is the critical interest rate below which the call option is exercised. It is obtained by putting P(T, s) = K and solving for r.
The value at time t of a put option can be obtained by the put-call parity given in (2): Jamshidian (1989) has shown that, in the hypothesis of a one-factor term structure model, an option on a coupon bond is equivalent to a portfolio of options on pure discount bonds:
where a j is the bond's payment at time s j (T < s m ≤ s j ≤ s n = s), r * is the solution to B(r * , T, s, Tn) = K and K j = P(r * , T, s j ). Equation (1), together with (18) and (28), gives a closed-form evaluation formula for retractable/extendible bonds.
THE VALUATION OF TREASURY OPTION CERTIFICATES
Estimation of the model's parameters
The parameters of the Cox, Ingersoll and Ross model can be estimated in two ways. In the two-stage approach, first the parameters κ, µ and σ of process (5) followed by the instantaneous interest rate, are estimated using a short-term rate time series, and then λ on the basis of equation (16). 5 In the one-stage approach, the model parameters (and the state variable r) are determined simultaneously on the basis of (16) using a non-linear regression technique method or the generalized method of moments.
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The one-stage non-linear regression approach permits the estimation of the parameters φ 1 , φ 2 and φ 3 , defined by equations (12), (13) and (14), but does not allow κ, µ and λ. to be estimated separately However, σ 2 can be determined using the following equation:
On the other hand, the method of moments is difficult to use in the case of coupon bonds. 7 Accordingly, the parameters of the Cox, Ingersoll and Ross model have been obtained here with non-linear regression (Marquardt's method), by minimizing the sum of the squares of the differences between the prices of Treasury bonds listed on the secondary market and the theoretical prices given by equation (16).
To this end we assumed that the differences between actual and theoretical prices were mutually independent and normally distributed, with a mean of zero and a variance proportional to the derivatives of the bond prices with respect to their yields to maturity (i.e. to the products of their durations and prices).
The estimates were therefore made using generalized least squares, dividing both members of equation (16) by the square root of the derivatives.
Results
The parameters of the Cox, Ingersoll and Ross model were estimated on the basis of the (cum coupon) prices of the Treasury bonds listed on the secondary market (the Milan Stock Exchange and the screen-based market) on 28 November 1988, with settlement on 1 December.. The estimates obtained were equal to 0.09634 for the instantaneous interest rate r and 0.25881, 0.25124 and 15.511 for the parameters φ 1 , φ 2 and φ 3 , respectively. The value of σ, obtained on the basis of equation (20), was 0.0617, implying a standard deviation of the instantaneous interest rate (σ r )of 0.01914. As mentioned above, the original parameters of the model, κ, µ and λ cannot be determined separately on the basis of φ 1 , φ 2 and φ 3 . However, for every possible value of one of the three parameters the values of the other two can be obtained (Figure 1 -Figure 3 ). In particular, for λ equal to zero (implying a zero risk premium), the velocity of adjustment k and the long-term value κ and the long-term value µ of the instantaneous interest rate r are equal to 0.24367 and 0.12107 respectively; per for negative values of λ (i.e. for positive risk premiums), κ increases while µ decreases.
The yield curve estimated on the basis of these parameters was upward-sloping, lying between the instantaneous rate of 0.09634 and the long-term asymptotic rate by given (15) of 0.1174 ( Figure  4 and Table a1 ).
Almost all the variance observed in Treasury bond prices was explained by the model (R 2 ≈ 1): the absolute differences between actual and theoretical prices were less than 0.1% in 45% of the cases and less than 0.5% in 90% of the cases ( Figure 5 and Table a2 ). Given the estimated parameters, equation (1) was used to evaluate CTOs at issue. This gave a value of 94.51, which corresponds to a value of 0.06 for the call option and of 5.52 for the put option (Table 2) .
These results reflect the shape of the yield curve. An upward-sloping curve generally implies expectations of an increase in rates and hence of a fall in the market prices of fixed rate bonds, resulting in a low value of the option to extend the bond and a relatively high value for the option to obtain early redemption.
The model also enables the expected future price of CTOs to be calculated. The upward slope of the yield curve is consistent with expectations of early redemption at the end of the fourth year. The expected prices of CTOs therefore virtually coincide with that of an ordinary 4-year bond and is considerably higher than that of an 8-year bond with the same coupon ( Figure 6 ). 
THE EFFECT OF CONTRACTUAL FEATURES ON THE VALUE OF TREASURY OPTION CERTIFICATES
The valuation model was also used to simulate the effects of changes in the contractual features of CTOs on their value at issue and on the probability of their being held to maturity. The simulations were made with reference to three different yield curves: the first rising (curve A); the second flat (curve B); and the third falling (curve C). Curve A is that used in the preceding analysis. The parameters of the curves B and C were fixed to give a value of r equal to the estimated one (0.0617) and a long-term asymptotic interest rate equal to respectively 0.09634 (the estimated value of the instantaneous interest rate) and 0.075262 (by symmetry with curve A).
Striking price of the option
The 8-year CTOs issued in December 1988 are redeemable at par at the end of the fourth year. Table  3 shows the effect of varying the early redemption price between 97 and 103, which is equivalent to varying the striking price K of the put and call options. The higher the redemption price, the lower the probability that the security will be held to maturity. Accordingly, the value of the early redemption (put) option increases and that of the extension (call) option decreases. Furthermore, since a CTO with a higher redemption price is obviously more advantageous than an otherwise equal bond, its value must be an increasing function of the early redemption price.
Option maturity
Lengthening the option maturity has two effects: on the one hand, it reduces the present value of the expected gain and, on the other, it alters the probability of large oscillations in the price of the under- lying security. The second of these effects is due to the relationship between the option exercise date (T) and the maturity of the underlying bond (s). When s is very large compared with T, an increase in T increases the dispersion of the bond prices at the option exercise date. Conversely, when s is close to T, an increase in T reduces their dispersion. 8 Since the value of an option increases with the variability of the price of the underlying security, it follows that lengthening the maturity of the option initially increases and subsequently decreases the value of the CTO.
The net result of the two effects just described (the first always negative and the second not always positive) is that the price of the options tends to be a decreasing function of T. Accordingly, the longer the maturity of the option, the lower the current value of CTOs (Table 4) 
Bond maturity
Lengthening the maturity of the CTOs also produces two effects: on the one hand, it increases the value of the options because it increases the variability of the price of the underlying bond and, on the other, it alters their expected value at the exercise date. With a rising yield curve, the expected price of the underlying bond decreases as the maturity (s) lengthens, with the result that the value of the call option decreases and that of the put option increases, and vice-versa for a falling yield curve. 8 In the limiting case of T = s, the price of the underlying bond at the option exercise date is known: B(T, T, Tn) = 1. The net result of the two effects just described (the first always positive and the second not always negative) is that the price of the options tends to be an increasing function of s. Accordingly, the longer the maturity of the CTOs, the higher their current value (Table 5 ).
Coupon rate
The higher the coupon rate, the greater the probability that CTOs will be held to maturity, with the result that the value of the extension (call) option is higher and that of the early redemption (put) option is lower. Furthermore, since a CTO with a higher coupon rate is obviously more advantageous than an otherwise equal bond, the value of the CTO must be an increasing function of the coupon rate (Table 6 ).
CONCLUSIONS
On the assumption that CTOs are issued with the aim of lengthening the average maturity of the public debt, the Treasury should maximize the value of the extension option to increase the probability of holders keeping their securities until maturity. The foregoing analysis shows that this objective can be achieved by reducing the early redemption price (K) and increasing the coupon rate (Tn). The choice of the maturity and of the early redemption date depend instead on the current shape of the yield curve. When this is rising, these factors are relatively unimportant, while when it is falling, it would be to the Treasury's advantage to anticipate the early redemption date (T) and lengthen the maturity (s). 
